ECE 302: Lecture 6.1 Moment Generating Function

Prof Stanley Chan

School of Electrical and Computer Engineering
Purdue University

PURDUE

UNIVERSITY

1/15



-
Moment Generating Function
Definition

For any random variable X, the moment generating function (MGF)
Mx(s) is

Mx(s) = E [esx] . (1)
Discrete:
Mx(s) = 3 e px(x) (2)
x€Q
Continuous: ~
Mx(s) = /_ e fx(x)dx (3)

Interpretation: Laplace transform:

Cf(s) = / T f()etdt.
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Example 1

Example. Consider a random variable X with three state 0,1, 2 with
probability masses %, %,% respectively. Find MGF.

Solution.
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Example 2

Example. Find the MGF for a Poisson random variable.

Solution. The MGF is

A4)<(s) =
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Example 3

Example. Find the MGF for an exponential random variable.
Solution. The MGF is

Mx(s) =
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Getting Moments from MGF

Theorem
The MGF has the property that
e Mx(0)=1,

j?kkl\/lx(sﬂs:o = E[XX], for any positive integer k.

Proof. The first property can be proved by noting that
Mx(0) = E[e®*] = E[1] = 1.

The second property holds because

dk 00 dk 00 h
dskMX(s):/oo ol fx(x)dx:/ x“e™fx(x)dx.

—00

Setting s = 0 yields

dk 00 P P
@Mx(sﬂszo :/_OOX fx(X)dX:E[X ]
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Moment Generating Functions

Distribution ~PMF/ PDF E[X] Var[X] Mx (s)

Bernoulli PX=1]=p p(1—p) Mx(s) =1—p+ pe*

T

Binomial  px(k) = (})P*(L=p)"* np np(1—p) Mx(s)=(1—p+ pe)"

Geometric  px(k) = p(1 — p)*~? 5 R Mx(s) = =4
Poisson px (k) = ’\k:!ﬁx A A Mx(s) = eMe*-1)
_ e=p)? 22
Gaussian fx(x) = Tiaze 252 u o2 Mx(s) = et 72
Exponential  fx(x) = Aexp {—XAx} % % Mx(s) = /\is
H b— 2 sb__ _sa
Uniform fx(x) = bia a‘gb ( 123) Mx(s) = eSbiea

Table: Moment generating functions of common random variables.
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Independent random variables

Theorem

Let X and Y be independent random variables. Let Z = X + Y. Then,

Mz(s) = Mx(s)My(s). (4)

Proof. By definition of MGF, we have that
Mz(s) = E [sXY)] @ X E[e] = Mx(s)My (s).

where (a) holds because X and Y are independent. O
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Many Independent Random Variables

Corollary

@ independent random variables X1, ..., Xy
° Z= Zrlyzl Xn
Then, the MGF of Z is
N
Mz(s) = [ ] Mx,(s).
n=1
If X1,..., Xy are i.i.d., then the MGF is

Mz(s) = (Mx,(s))" .
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Example 4
Theorem (Sum of Bernoulli = Binomial)
@ Xi, ..., Xy be a sequence of i.i.d. Bernoulli random variables with

parameter p
o Z:X1++XN

Then Z is a binomial random variable with parameters (N, p).
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Proof

MGF of Z is

N
Mz(s) = B[esXt--+X0] = T] B[]

n=1

N
= I (et + (1 = p)e) = (pe* + (1 - p))".
n=1

MGF of a binomial random variable: If Z ~ Binomial(N, p), then

N
Mz(s) = E[e] =) _ e (ID pH(1L - p)N*

n=0

N
-3 (Q’) ()5 (1 — p)V* = (pe* + (1 - p))",
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Example 5

Theorem (Sum of Gaussian = Gaussian)

Let X1, ..., Xy be a sequence of Gaussian random variables with

parameters (p1,01), ... (un,on). Let Z = X1+ ...+ Xy be the sum.
Then, Z is a Gaussian random variable:

Z= Gauss:an(z fins Y 0,2,) (5)

n=1 n=1
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Proof

Proof. We skip the proof of the MGF of a Gaussian. It can be shown that

022

Mx(s) = et**

(6)
When we have a sequence of Gaussian random variables, then

Mz(S) _ E[es(Xl-i—...—f—XN)]
= MXl(S) RN MXN(S)

0252 cr2 52
_ (ems+z) (eu/vs+ y )
N N 52
2
n= n=

Therefore, the resulting random variable Z is also a Gaussian. The mean
and variance are YV 11, and SN 62, respectively. O
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Summary

What is a moment generating function?
o E[eX]

@ Can generate moments

@ Useful for sum of random variables
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Questions?
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